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· SEA-STRAIT l''LOW WITH SPECIAL REFERENCE TO BOSPHORUS. 

By B. Mut1u Sumer1 and Mehmet Bakiog1u2 

INTRODUCTION 

A sea strait is a channel connecting two basins of different pro-

perties where one usually finds a two-layer current system, the layers 

flowing in opposite directions (e.g. the Bosphorus,the strait of 

Gibraltar and others). 

A proper understanding of the dynamics of sea-strait flow has 

gained considerable importance recently associated with navigation, 

environmental pollution, waste-water discharge and fishing problems. 

Classical information about sea-strait currents can be found in 

Defant(5). Assaf and Hecht(3) appear to be the first investigators 

who developed a two-layer dynamical model for sea straits. The reader 

is referred to Assaf and Hecht'swork also for more recent references. 

Anati et a1.(2) studied laboratory models of sea straits, which gives 

a good insight into the current pattern in a strait, despite the 

qualitative character of this latter work. 
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A two-layer model is adopted also in this study; the dynamical 

equations are integrated to determine the flow rates and depths,with 

particular application to the Bosphorus. 

GENERAL CONSIDERATIONS 

We shall give the statement of the problem through one particular 

example,namely the Bosphorus,although similar arguments hold true for 

other sea straits. 

The Bosphorus is a "long" strait connecting the Black Sea and 

the Sea of Marmara (Fig.l). There is a two -layer current system in 

the Bosphorus: a)the upper layer flows from the Black Sea to the Sea 

of Marmara caused by the decline in surface elevation,h,between the 

Black-Sea and Sea-of-Marmara ends of the Bosphorus (Fig.2) and b) the 

lower layer flows in the opposite direction caused by the density 

difference, 6p, which is due to the difference in salinities. 

The specific problem in this study is to determine the flow rates 

and the layer depths when the quantities hand 6p are given. 

Formulation 

In a strait, one usually finds an intermadiate layer between the 

upper and lower layers.However, as the so-called densimetric Froude nuin-

her is less than .unity,a sharp stable density gradient will exist in the 

intermediate layer and therefore can be considered as an interface 

between the two layers. It is this approach,namely the "two layer" 

model, which is adopted in this paper for the determination of the sea-

strait flow. 
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The energy equations for the upper and lower layers respectively 

are 

dh dh d V2 f . V2 

--1.+--'-+_ (-1) - _1._ (Vl+V2)L E.k. _1 o(x-'x.) =0 (1) 
dx dx dx 2g 8ghl J 0) 2g J 

dh dh d V2 f f. 2 V2 
(1- .~E..) __ ..l. + ---'+ -- (_..l..).~_ V~+"""""~-(Vl+V2)+E.k.~ • 

P dx dx dx 2.g 8gh2 8gh 2 J (J) 2g 

• <5 ( x-x.) ::: 0 ( 2) 
J 

in which hI and h2= the depths of the upper and lower 1ayers,respecti-

ve1y; VI and Vz= the vertically averaged flow velocities; f and f. = o 1. 

the friction factor5~defined by 

fo Z 
't' = P - V2 

o 8 
f. 

't'. = p -2:. (Vl+V2) 2 
1. 8 

(3) 

(4) 

in which T and T. = the bottom and the interfacial shear stresses, 
o 1. 

respectively (see Fig.2). In Eqs.l and 2, k(j)= the loss coefficient 

associated with local head losses such as those in bends, expansions 

etc.; x. =the x-coordinate where the local loss occurs;and o(x-x.) = 
J J 

the birac delta function. 

The equations of continuity, neglecting entrainment between the 

layers, are 

~ (hz Vz) =0 (6) 
dx 

The boundary conditions are given as in the following. From the 

geometrical considerations (Fig.2), 

x =0 hI +hz ::: D 

x =L . , hI +hz =h +D 

(7) 

(8) 



-4-

.:.:. 

and from the energy considerations 
V2 V2 

x =0 and L F= 1 2 
=1 (9),(10) ; 6p + 6 

- g hI ...E.. g h2 P P 

in which the latter conditions (i.e. the sum of the densimetric Froude 

numbers, F, is equal to unity at x=O and L) imply that critical flows 

dcciJr at sf<!c:t:iona x=O and x=L, which are nothing but abrupt expansions. 

It should be noted that Anati et a1.(2), in a laboratory model of sea 

st~ait,observed that F indeed be equal to unity at the ends while F<l 

in the interior of the model strait. 

SOL01'ION AND ANALYSIS WITH IillFERENCE TO BOSPHORUS 

General 

Integrating Eqs. 1 and 2 from x=O to x=L gives 

V2(L) V2(0) f. 
1 +hl (L)+ h2 (L)= 1 +hl (0) 

l. +h2(0)+ -
2g 2g 8g 

V2(x. ) 
+E. k(j) 

....L.1_ 
J 2g 

V
2
(0) v2 (L) 

a + (1- ~)hl(O)+ h2(0)= 2 + 
2g P 2g 

f o + .......... 
8g 

From :E:qs. 5 and 6, one gets 

hl VI=ql 

h2 V2=q2 

L 
fO 

(V:+V')2 
1 2 

hI 
dx+ 

(11) 

(13) 

(14) 

in which ql and q2=the flow rates per unit width for the upper and 

lower layers,respective1y. 

To proceed further, we make the following assumption :the inter-

face has a linear shape. Fig.3 justifies this assumption where the 
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shape of the Bosphorus interface is plotted against the longitudinal 

distance. (Note that the interface here has been determined through the 

density sections presented in Ref.4 ,transversely averaging the density 

sections to yield density profiles in the vertical). Anati et al.'s(2) 

laboratory observations support the above assumption, as they have ob-

served an essentially linear shape of the interface except very near 

the ends of the model strait. 
~ . . 

Substituting Eqs. 13 and 14 into Eqs. 11 and 12· carrying out the 

integrals in the latter equations (keeping in mind the fact that the 

depths hI and h2 linearly vary in x in accordance with the assumption 

made in the preceding paragraph), Eqs.ll and 12 become 

q*2 1 1 f.L* 
h -h +h -h + J.( __ - -)- 2. { 

1L 10 2L 20 2 h 2 h 2 8 
1L 10 

q~2 (hlO+h1L) 

2 L 
2hlO hU 

+ 

2q* q* h10-h lL h 2L-h20 -'_1_ .... 2.,:........ __ ( __ + _ . ' 

h10 hlL hlOh2L-h20h1L 

(15) 

+ 

2q* q* h20~h2L h1L-h10 + -- ,,*,1 ,4 - + --;-- In 

h20hlL.lhlOh2Lh20 h2L h20h1.L-h1.0h2L 
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(In (16) 

in which the nondimensional quantities hlO,hlL,h20,h2Vqt,Q;,L*are 

tl(~ I i lH~d r1!J 

h (0) 
h 1 

10:: -
D 

h (L) 
h

IL
:: ---.1 __ 

D 

>I< L 
L:::-

D 

h (0) 
h

20
:: ___ 2 __ 

D 

h~ ~ 
D 

h (L) 
h 2L:: _2 ___ _ 

D 
(17) 

Note that, in Eqso 11 and 12, the velocities Vl(x.) and V2(x,) in the 
.1 - J 

local-loss terms are taken as their length-averaged values, and therefore 

kl and k2 in Eqso 15 and 16 are the total loss coefficients for the 

upper and lower layers respectively 

kl :: 1 k(j) 

(upper) 

and k2::j k(j) 

(lower) 

(18),(19) 

The boundary conditions (Eqs.7-l0) in terms of the new nOridimen-

siona! variables are 

h10 +h20 :: 1 

hlL + h2L :: l+h* 

*2 
~::~ 
h~L p 

(20) 

(21) 

(22) 

(23) 

in which h*::the decline in surface elevation between the two ends of the 
l 

Bosphorus nondimensionalizedby D as given in. Eq. 17. 

We have six equations, Eqs.l5,16,20-23, and six unknowns, h10;hlL , 

.. "', 
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h20 ,h2L -ql*and q2*' This set of equations was reduced to that of two 

non-linear algebraic equations with two unknowns, and solved by standard 

methods for the Bosphorus. Information about the input variables used 

and the routine adopted in the computations are given in Appendix I. 

Solution and analysis 

The interface obtained for the average decline in the surface eleva-

tion between the two ends of the Bosphorus, h=33 cm, is illustrated in 

Fig.3. The agreement between the present finding and the field data 

appears to be fairly good 0 

Also in Fig.3 is given Assaf and Hecht's (3) solution. Assaf and 

Hecht took into cohsideration,the salt-balance equation for what they 

called the closed basin" (which is the Black 8ea in our case) in add i-

tion to the momentum and continuity equations (Eqs.l,2,S and 6 in this 

paper). From these equations, they arrived at a single equation an ite-

rative solution of which, together with the boundary conditions (Eqs.9 

and 10), gave the depth of interface and the "strait salinity ratio" 

(82-81)/81; Note that this scheme included a term like Ql-Q2' which was 

considered as a known quantity. Here Q
I 

and Q2 = the flow rates for the 

upper and lower layers, respectively. The interface plotted in Fig.4 

is that obtained for QI-Q2= 6000 m3/sThe value QI-Q2=12000-6000=6000 m3/s 

is due to Moeller's analysis (Ref.4) and has long been questioned owing 

to the averaging procedure involved. Yet the U.8 o Navy Oceanographic 

Office data (quoted in Ref.4) indicate that flows in either direction 

vary between approximately 3000 and 30000 m3/s. The departure of Assaf 

andllecht's interface from that obtained in the present study can be 

. h . 3/ attr1buted to the somew at. errenous value of QI-Q;;,,6000 m ' s,adopted 

in Assaf and, Hecht'ssolution. 



Again for th~ average h, 33 cm, theflo~ rates of the upp~r and 

lower layers respectively were found to be Ql=19 700 m3/s and Q2 =7300 

3 3 m Is. These figures compare favourably well with Ql=17400 m /s and 

Q2=7900 m3/s obtained from the simultaneous solution of the mass-balance 

Ilnd rill 1 t-IJ/I I HtlC(l ('quilt ions for the IHack Sea 

(24) 

(25) 

3 in which Q3 =the average runoff to the Black Sea, 352 km /year (Ref.7); 

Q4= the average evaporation, 353 km3/year (Ref.7); Q5= the average 

precipitation 300 km3/year; S2 and Sl= the salinities at the midpoint 

of the Bosphorus,%o 38.5 and %0 17.5 ,respectively (Ref.4).Note that 

Ref.7 gives average precipitations measured at meteorological stations 

located along the coastline of the Black Sea; from these measurements, 

the overall average precipitation was found to be 71.4 cm, which led 

to Q5=300 km3/year when mUltiplied with 420 000 km2 (= the surface 

area of the Black Sea). 

In Fig.4 is given the Froude number,F(see Eq.9),plotted against 

the distance x; the finding of Fig.4 is in complete agreement with Anati 

et al.'s (2) laborat~ry observation that F=l at the two ends of the 

strait while F-<l in the interior. 

Further Analysis 

As is reported in Appendix I, available sea-level records yielded an 

aver.;tge decline 6f 33cm in surface elevation between the two ends of the 

Bosphorus, with a standard deviation of 13 cm. Thus it would be of inte-

rest to study the effect of h on the interface and the flow rates. The 

solutions obtained for various h s are presented in Figs.5 and 6,which 
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indicate that tremendous changes in the flow properties would occur 

even with moderate changes in h. 

The findings of Figso5 and 6 can also be interpreted as in the 

following.If any value of h (occurring in the Bosphorus) is maintained 

persistently for a (lufficiently long period of time and yet the response 

of the two~layer system to changes in h is sufficiently quick,then the 

solutions in Figs.5 and 6 will be the exact steady-state solutions 

corresponding to this particular h. Assuming the latter is true p then 

one would expect that,from Fig.6, the lower layer will stop and behave 

like a "sal tIt wedge as h+N 45 ,cm, while this will be the case for the 

upper layer as h + ... 10 cm, the upper layer behaving like a"temperature" 

wedge in this case. However rough the above assumption is (which led 

,to the preceding result), the latter is significant in the sense that 

it shows the effect of h upon the mechanism which drives the two-layer 

current system in sea straits. Finally, it should be noted that the 

3 flow rates in Fig.6 are in accord with the range 3000-30000 m /s repor-

·ted by the U.S. Navy Oceanographic Office quoted in Ref.(4). 

As a final remark, it would be interesting to note that, for the 

average value of the decline in surface elevation h=33 cm, no sediment 

transport has been observed, as the Shields parameter in this case was 

found to be less than the threshold value. Hovewer, for lesser values 

of h (i.e.for greater lower-layer discharges), the Shields parameter 

takes values of around 0.05 with the corresponding grain Reynolds num-

ber of 30-40, which indicates that a weak sediment-transport stage may 

occur in the Bosphorus. 

C(lJNLUSIONS 

A two-layer model is adopted to determine the average properties of 
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sea;;"strait flows. The model neglects the wind stress on the surface 

because of its short-term character. It also does not take into consi-

deration the side-wall effects as it assumes very large aspect ratios 

(e.g. the latter is about 1:30 for the Boshorus). 

The mOdel has beert solved for the Bosphorus with the assumption 

that the interface has a linear shape. The interface thus obtained 

(Fig o 3) appeared to be in fairly good agreement with the field data o 

Through the solution of the model, also the flow rates of the upper 

3 3 and lower layers have been obtained; Q1=19700 in /s and Q2=7300 m Is. 

These figures were found to be in accord with those obtained from the 

equations of mass and salt conservations for the Black Sea. Despite 

the uncertainties involved in the numerical values of the various input 

quantities due to insufficient data (particularly that in the decline in 

surface elevation between the two ends of the Bosphorus) and also the 

assumption in connection with the shape of the interface, the results 

seem to be satisfactory when compared with the available information o 

We believe that the model can successfully be used for other straits 

as well. 

One of the advantages of the model is that it predicts the flow 

rates occurring in straits, the direct measurement of which usually 

involves practical difficulties becauSeof extremely large cross-sections, 

the lack of proper instrumentation, the constant presence of navigation 

etc o 

Finally, the authors would like to point out the considerable 

influence of the decline in surface elevation between the two ends of 

the strait, h, upon the flow. This implies that changes in h throughout 
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the year (depending on various effects such as wind, runoff etc.) will 

result in drastic changes in the two-layer current system. In this con-

nection, one poses the following questions: What is the duration,on the 

average, for the decline h to be persistent? How does the two-layer 

~nTstem ,respond to changes in h, and how long does it take for the two-
, " 

layer system to reach a new state of equilibrium ? How does the latter 

period of time compare with the time duration during which h is persis-

tent ?Time-dependent solutions are needed to answer these questions, 

which, in author's opinion, are of great importance as to the dynamics 

of sea straits. 
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APPENDIX I.-INPUT AND ROUTINE IN COMPUTATIONS 

The set of equations, Eqs.15,16,20-23, was solved for the Bosphorus. 

In what follows information about the input employed and the routine 

1adopted in the computations are given. 

Input variables 

These include the density difference; the geometry and the decline 

in surface elevation between the two ends of the Bosphorus. These pro-

perties are given in Table:l where the figures are the average values 

of the corresponding quantities. For the average values of the depth 

and width, avenaging has been achieved through seven cross-sections out 

of those given in (Ref.4,P1ate A IV 1 and Fig.A IIi 1); These parti1 

cular cross-sections were chosen such that a) their locations are evenly 
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distributed along the Bosphorus and b) the sections themselves are 10 .... 

cated out of the separation zones. This made it possible to get non-biased 

average values for the relevant quantities. 

As to the decline in surface elevations between the two ends of the 

Bosphorus,Ref.4 (Plate A IV 20) presents continuous recordings of average 

da!ly sea surface elevations at stations located in Kavak and UskUdar 

(see Fig.l)~ corresponding to the period July 1966 to February 1968; 

Through the latter data t an average de'cline of 33 cm with a standart de-

viation of 13 cm was found, extrapolating the figures obtained for the 

reach Kavak-tlskUdar to the whole length of the Bosphorus o 

Loss coefficient~ 

Contributions of various effects to the total loss coefficient kl 

were estimated to be as in the follow~ng: total contribution to kl due 

to bends= 2.2, that due to expansions and contractions= 2.1 , that due 

to entry =0.5 and that due to exit= 1.0 ; thus the overall sum gives 

kl~ 6 0 

The totai loss coefficient for the lower layer k2 was taken to be 

equal to ~l' since, from the bathymetry of Boshphorus (Ref.4,Fig.A III 1), 

it has been observed that the bends and the expansions and contractions 

of the lower layer appear to be reasonably consistent with those of the 

upper layer. 

Friction. factors 

To predict the bottom friction factor f , the following expressions 
o 

(Ref.6) were used (whichever is applicable) : 

.l.. =2 10g
10 

(Reffo ) 
If 2.51 

o 

k u 
when --!... *<5 

v 
(26) 
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1 k 20 5 k u* -- -2 loglO (_s_+ ) when 5 <_s_. - <70 
If l2R Re If " 

(27) 

0 0 

_1_ = ( l2R) 
k u 

2 loglO when s * >70 
If k " 

(28) 

0 s 

in which u = the bottom shear velocity; k = the equivalent sand rough-
* s 

lH'Sfl whieh C;l11 he taken as d
65 

or the bottom material as recommended 

by Raudkivi (8). In the preceding equations 

Re= 4V R (29) 

" 
in which V is taken as the length-averaged value of the lower-layer 

velocity V2, and R=h 2/2, h2 here being the length-averaged value of 

the lower-layer depth. Note that the friction factor predicted in the 

course of computations appears to be in the range of 0.009-0.0110 

As far as the interfacial friction factor f. is concerned,Abraham 
1 

et a1.' s (1) "lock-exchange" data were adopted for the present purpose; 

the latter data were aproximated to 

f - 0.5 
C ReO.45 

f.= 0.0056 
1 

2 4 when 10 < Re < 2xlO 

4 when Re > 2xlO 

(30) 

(31) 

in which Re is defined as in the preceding paragraph. Hovewer, the inter-

facial friction factor predicted in the course of computations appeared 

to be 0.0056, the asymptotic value, as the Reynolds number came out t9 

4 be as Re> 2xlO 

Routine 

In what follows, the iteration procedure used in the computations 

is summarized: a) Assign some value to f and also that: to f. ; o 1 

b) Solve the set of Eqs.15,16,20-23 to determine the layer clepths and 

velocities '; c) Compute the Re number; d) Calculate f a~d f.,using o 1 
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Eqs.26-3l ; e) Continue this procedure until the differences between 

the new values of fo and fi and the previous ones are judged to be small 

enough. 
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APPENDIX 111.- NOTAT!ON 

The following symbols are used in this paper 

D ::: depth of the strait ; 

f. ::: interfacial friction factor 
1 

fo ::: bottom friction factor ; 

g ::: acceleration due to gravity 

h ::: decline in surface elevation between the two ends of the strait 

h* ::: h non dimensionalized by D. 

h ::: upper-layer depth 
1 

h ::: lower-layer depth 
2 

h (O)~h (L) :::depths of upper layer (interface) at the two ends of the 
1 1 

strait 

h (0) ,h (L) ::: depths of lower layer at the two ends of the strait ; 
2 2 

h ,h::: depths of upper layer at the two ends of the strait,nondimen
lOlL 

sionalized by D ; 

h ,h L::: depths of lower layer at the two ends of the strait,nondimen-
20 2. 

sionalized by D ; 

k(j) =1oss coefficient associated with local head loss 

k ::: total loss coefficient for the upper layer 
1 

k ::: total loss coefficient for the lower layer 
2 

L ::: length of the strait 

L* ::: length of the strait nondimensionalized by D . , .. 
Q

1 
::: upper-layer flow rate 

Q
2 

::: lower-layer flow rate 

ql 
::: upper-layer flow rate per unit width 

q2 
::: lower-layer flow rate per unit width ; 

q* ::: upper-layer flow rate per unit width nondimensionalized 
1 

~~j , 

as 
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q2. = q2 / (g D3) 
1 1 

q* = lower-layer flow rate per unit width nondimensionalized as 
2 

q2$ = q2/(g D3) ; 
'l 2 

V ,_. Ilpper-lllyer v£;lod,ty 
1 

V = lower-layer velocity 
2 

x = longitudinal distance from one end of the strait (longitudinal 

distance from the Sea-of-Marmara end with reference to the 

Bosphorus) 

p = density ; 

6p = density difference 

Ti = interfacial shear stress;and 

T = bottom shear stress ; 
o 

"',i"" 
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TABLE 10 - Input variables for the Bosphorus • 

Density 

difference t,p 
p 

(1) 

0.014 

Length L,in 

kilometers 

(2) 

31.25 

Depth D, J:.n 

meters 

(3) 

64.5 

Width, in 

meters 

(4) 

907 

Decline in surface 

elevation between 

two ends, in centimeters 

(5) 

33 

I 
t-' 
00 
I 
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Information Retti~val Abstract 

SEA-STRAIT FLOW WITH SPECIAL REFERENCE TO BOSPHORUS 

KEY WOlillS Black Sea, Bosphorus~Hydrodynamics, Oceanography 

Sea straits. Stratified flow, Straits, Two-layer current system, 

Waterways 

ABstRACT : A two-layer model (comprising one energy equation and one 

continuity equation for the upper layer and those for the lower layer) 

is adopted. The model takes ihto account both the interracial and the 

bottom frictions o Under the assumption that the interface has a linear 

shape, the equations are integrated to yield the layer depths and the 

flow rates. Numerical results obtained for the Bosphorus, the strait 

connecting the Black Sea and the Sea of Marmara. The interface predic

ted by the present madel appears to be in fairly good agreement with 

the available field data. The flow rates predicted are in accord with 

those obtained from the equations of mass and salt conservations for 

the Black Sea. It was found that the decline in surface elevation 

between the two ends of the Bosphorus has a significant influence on 

the two-layer current system occuring in the Bosphorus o 
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in surface elevation between these two ends of the Bosphorus. 
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Fig.6- Flow rates of the layers as a function of decline in surface 
elevation between the two ends of the Bosphorus. 


